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Time : 3 hours (le; : 3 ?kaV s)  October 20, 2019   Total marks (vf/kdre vad) : 102 

Instruction fun sZ'k %  

1. Calculators (in any form) and protractors are not allowed.  

 dSydqysVj ¼fdlh Hkh :i esa½ ;k pkank ykus dh vuqefr ugha gSA  

2. Rulers and compasses are allowed. 

 :yj ,oa izdkj ykus dh vuqefr gSA  

3. Answer all the questions. Draw neat Geometry diagrams. 

 lHkh iz'uksa ds tokc nsaA  

4. All questions carry equal marks. Maximum marks 102  

 lHkh iz'u cjkcj vadksa ds gSaA vf/kdre vad % 102  

5. Answerer to each question should start on a new page, clearly indicate the question number. 

gj iz'u dk gy u, iUus ls 'kq: djsaA iz'u la[;k dk lkQ&lkQ mYys[k djsaA  

  

1. Suppose x is a nonzero real number such that both x5 and 20x + 
x

19
 are rational numbers. Prove 

that x is a rational number.  

 eku yks fd x ,slh v'kwU; okLrfod la[;k gS ftlds fy, x5 o 20x + 
x

19
 nksuksa gh ifjes; la[;k,W gSA fl) 

djks fd x Hkh ,d ifjes; la[;k gSA  

Sol. Let 20x + 
x

19
 (  Q) 

 20x2 – x + 19 = 0  x2 = px + q where p = 
20


 & q = 

20

19
 hence p, q  Q. 

 Now x5 = x(px + q)2 = x{p2x2 + 2pqx + q2} = p2x(px + q) + 2pq(px + q) + q2x 

  = p3(px + q) + (3p2q + q2)x + 2pq2 = (p4 + 3p2q + q2)x + p3q + 2pq2 = (say) 

 Given that x5 is rational 

 so x = Q
qqp3p

pq2qp
224

23





 

 Hence x is also a rational number.  

Hindi. ekuk 20x + 
x

19
 (  Q) 

  20x2 – x + 19 = 0    x2 = px + q tgk¡ p = 
20


 rFkk q = 

20

19
 vr% p, q  Q. 

 vc x5 = x(px + q)2 = x{p2x2 + 2pqx + q2} = p2x(px + q) + 2pq(px + q) + q2x 

  = p3(px + q) + (3p2q + q2)x + 2pq2 = (p4 + 3p2q + q2)x + p3q + 2pq2 = (ekuk) 

 fn;k x;k gS fd x5 ifjes; gS 

 blfy, x = Q
qqp3p

pq2qp
224

23





 

 x ifjes; la[;k Hkh gSA  
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2. Let ABC be a triangle with circumcircle  and let G be the centroid of triangle ABC. Extend AG, 

BG and CG to meet the circle  again in A1, B1 and C1, respectively. Suppose BAC  = 111 CBA , 

ABC  = 111 BCA  and ACB  = 111 CAB . Prove that ABC and A1B1C1 are equilateral triangles. 

 eku yks fd ABC ,d f=kHkqt gS ftldk ifjor̀   gS vkSj eku yks fd G f=kHkqt ABC dk dsanzd gSA js[kk[kaM 

AG, BG o CG foLrkj djus ij or̀ ls Øe'k% A1, B1 o C1 esa iqu% feyrs gSA eku yks fd BAC  = 

111 CBA , ABC  = 111 BCA  o ACB  = 111 CAB  gSA fl) djks fd ABC o A1B1C1 leckgq f=kHkqt gSA 

 
 Sol.  

 

 

–x 

x  

  x 

  x 

  x 

  G 

  x 

  x 

  x 

  D 

  x 

  F 

  A1 

  B 

  B1 

  C 

  C1 

A 



x 

 

Let G is centroid of ABC  

 Let BG intersect AC at E, 

 AG intersect BC at D, 

 CG intersect AB at F. 

 AB1, B1C, CA1, A1B, BC1 and C1A. 

 Proof : BAC = C1B1A1 =  and A1AC = x 

  Now  BAA1 = – x 

   C1AA1 = C1B1A1 =  

  C1AB = C1AA1 – BAA1 = x 

 C1AB = C1B1B = C1CB = C1A1B = x 

  A1B1C = A1AC = AC1C = A1BC = x 
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 Now C1CB = x = CBA1  

 A1B is parallel to CC1 

Similarly B1C is parallel to AA1  

and AC1 is parallel to BB1  

Now in AC1C, mid point of AC is E 

Now EG is parallel to AC1  

 G is mid point of chord CC1     

Similarly G is mid point of chords BB1 & A1A1 also. 

 G is circumcentre of ABC also 

 ABC is equilateral 

because ABC is similarly with B1C1A1   A1B1C1 is also equilateral. 

ekuk fd G f=kHkqt ABC dk dsUnzd gS   

 ekuk BG, AC dks E ij izfrPNsn djrk gS 

 AG, BC dks D ij izfrPNsn djrk gS 

 CG, AB dks F ij izfrPNsn djrk gS 

 AB1, B1C, CA1, A1B, BC1 vkSj C1A. 

 mRifRr : BAC = C1B1A1 =  vkSj A1AC = x 

  vc  BAA1 = – x 

   C1AA1 = C1B1A1 =  

  C1AB = C1AA1 – BAA1 = x 

 C1AB = C1B1B = C1CB = C1A1B = x 

  A1B1C = A1AC = AC1C = A1BC = x 

 vc  C1CB = x = CBA1  

A1B, CC1  ds lekUrj gS  

blh izdkj B1C, AA1 ds lekUrj gS  

rFkk AC1, BB1 ds lekUrj gS  

vc AC1C esa AC dk e/; fcUnq E gS 
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vc EG, AC1 ds lekUrj gS  

 G, thok CC1 dk e/; fcUnq gS      

blh izdkj G, thokvksa BB1 vkSj A1A1 dk e/; fcUnq Hkh gS 

 G, f=kHkqt ABC dk ifjdsUnz Hkh gS 

 ABC leckgq f=kHkqt gSA 

D;ksfd ABC, B1C1A1 ds le:Ik gS    A1B1C1 blfy, ;g leckgq f=kHkqt gS  

 

3. Let a, b, c be positive real numbers such that a + b + c = 1. Prove that   

332332332 bac

c

acb

b

cba

a








   

abc5

1
 

 eku yks fd a, b, c ,slh /kukRed okLrfod la[;k,W gSa ftuds fy, a + b + c = 1 fl) djks fd 

332332332 bac

c

acb

b

cba

a








   

abc5

1
 

Sol. To prove  

 
332 cba

a


 + 

332 acb

b


 + 

332 bac

c


  

abc5

1
 

332 cb)cba(a

a


 + 

332 ac)cba(b

b


 + 

332 ba)cba(c

c


  

5

1
  ……..(1) 

Now 5/1447
22333

)cba(
5

cabacba



 

5/144722333 )cba(5

1

cabacba

1



 

5/1447

2

22333

2

)cba(5

bca

cabacba

bca



 

5

cba

cabacba

bca 5/15/15/3

22333

2




   ……..(2) 

Similarly 
5

cba

accbbab

acb 5/15/35/1

33233

2




  ……..(3) 

 5/35/15/1

33322

2

cba
bacbcac

abc



  ……..(4) 
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add (2), (3) and (4) we get 

 
33223

2

cbcabaa

bca


 + 

33233

2

accbbab

acb


 + 

33322

2

bacbcac

abc


 


5

cbacbacba 5/35/15/15/15/35/15/15/15/3 
  ……..(5) 

Now without less of generally assume a b c 

then  a3/5  b3/5  c3/5 

 a1/5  b1/5  c1/5 

 a1/5  b1/5  c1/5 

  a3/5 b1/5 c1/5 + b3/5 c1/5 a1/5 + c3/5 a1/5 b1/5  a3/5 a1/5 a1/5 + b3/5 b1/5 b1/5 +c3/5 c1/5 c1/5  

  a3/5 b1/5 c1/5 + b3/5 c1/5 a1/5 + c3/5 a1/5 b1/5  ……….….. (6) 

 Using (5) & (6) we get 

 
33223

2

cbcabaa

bca


 + 

33233

2

accbbab

acb



 + 
33322

2

bacbcac

abc


 

5

1
 

 
 

4. Consider the following 3 × 2 array formed by using the numbers 1, 2, 3, 4, 5, 6 :  


































4,3

5,2

6,1

a,a

a,a

a,a

3231

2221

1211

. 

 Observe that all row sums equal, but the sum of the squares is not same for each row. Extend the 

above array to a 3 × k array (a1j)3×k for a suitable k, adding more columns. Using the numbers 7, 8,  
9,…… 3k such that  

 




k

1j

j3

k

1j

j2

k

1j

j1 aaa  and 




k

1j

2
j3

k

1j

2
j2

k

1j

2
j1 )a()a()a(   

 la[;k 1, 2, 3, 4, 5, 6 ls fufeZr fuEu 3 × 2 lkj.kh dks yks% 

































4,3

5,2

6,1

a,a

a,a

a,a

3231

2221

1211

 

ns[kks fd lHkh iafDr;ksa dk ;ksx cjkcj gS] ij gj iafDr esa oxksZ dk ;ksx cjkcj ugha gSA bl lkj.kh esa] fdlh ,d 

mi;qDr k ds fy,] la[;kvksa 7, 8, 9,…… 3k dk iz;ksx djds vU; LrEHk tksM+ks vkSj bls ,d 3 × k lkj.kh 

(a1j)3×k esa ,sls cnyks ftlls fd%  

 




k

1j

j3

k

1j

j2

k

1j

j1 aaa  vkSj 




k

1j

2
j3

k

1j

2
j2

k

1j

2
j1 )a()a()a(   

Sol. We observe that  

 (k + 5)2 – (k + 4)2 = (k + 1)2 – k2 + 8 and (k + 5)2 – (k + 3)2 = (k + 2)2 – k2 + 12 

  (k + 5)2 + k2 = (k + 1)2 + (k + 4)2 + 8 = (k + 2)2 + (k + 3)2 + 12 

 for k = 1, we have (12 + 62) = (22 + 52) + 8 = (32 + 42) + 12 
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 Let us write first two columns as 



















22

22

22

43

52

61

 to have sums as  + 12 +  + 4,  rowwise 

new let us write next two columns in such a way that we get sums as  + 12,  + 4 and then 

further next two columns to get sums  + 4,  + 12 so that we get sum in each column as 

 + 16 

In that way, then matrix would be 
















181311843

161512752

171410961

 

Here sum of numbers in each row is 57 and sum of squares of numbers in each row is 703 so we 

can chose k = 6   

Hindi. ge ns[krs g S fd 

 (k + 5)2 – (k + 4)2 = (k + 1)2 – k2 + 8 vkSj (k + 5)2 – (k + 3)2 = (k + 2)2 – k2 + 12 

  (k + 5)2 + k2 = (k + 1)2 + (k + 4)2 + 8 = (k + 2)2 + (k + 3)2 + 12 

 k = 1 ds fy,, (12 + 62) = (22 + 52) + 8 = (32 + 42) + 12 

ekuk izFke nks LrHkksa dks 



















22

22

22

43

52

61

 ds :i es fy[kk tk ldrk gS ftldk ,d iafDr esa  + 12 +  + 4,  

vc nks LrEHk bl izdkj fy[k ldrs gS fd  + 12,  + 4 rFkk iqu% vxys nks LrHkksa dks  + 4,  + 12 ds 

;ksxQy ds :i es fy[kk tk ldrk gSA bl izdkj izR;sd LrEHk es ;ksxQy  + 16 ds :i esa gksxk rc 

vkO;wg 
















181311843

161512752

171410961

 gksxhA 

vr% izR;sd iafDr es la[;kvksa dk ;ksxQy 57 gS] rFkk izR;sd iafDr esa la[;kvksa ds oxksZ dk ;ksxQy 703 gSA vr% 

ge k = 6 pqu ldrs gSA   

 
5. In an acute angled triangle ABC, let H be the orthocentre, and let D, E, F be the feet of altitudes 

from A, B, C to the opposite sides, respectively. Let L, M, N be midpoints of segments A H, EF, BC, 
respectively. Let X, Y be feet of altitudes from L, N on to the line DF. Prove that XM is  
perpendicular to MY. 

 eku yks fd fdlh U;qudks.k f=kHkqt ABC esa H yEc&dsUnz gS] o D, E, F og fcanq gS ftl ij Øe'k% A, B, C ls 

yEc lkeus okyh Hkqtk (vk/kkj) ls feyrs gSA eku yks fd L, M, N Øe'k% js[kk[kaM AH, EF, BC ds e/; fcanq gSA 

eku yks fd fcanq X, Y ls jsa[kk DF ij yEc mlls Øe'k% X, Y ij feyrs gSA fl) djks fd XM js[kk XY ls 

yEc gSA 
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Sol.  

 

 

A 

B 

C 

D 

E 

F 

H 

N 

L 

Y 

X 

M 

 
Quadrilateral AFHE and BFEC are cyclic quadrilateral with centres L and N respectively  

  LN is perpendicular to common chord (FE) of circumcircle of AFHE and circumcircle BFEF 
 Also LN passes through midpoint(M) of EF 

 Now circumcircle DEF also passes through L and N, where LN is diameter of circle (because 

LDN = 90°)   LFN = 90°  
 Now quadrilateral XFML and FMNY are also cyclic quadrilateral.  

  

 



F Y 

N M L 
 


X 

 

 Let FNM = FYM =  and FXM = FLM =  

 Now FLN + FNL = 180° – LFN 

   = 180° – 90° = 90°   MXY + MYX = 90° 

  XMY = 180° – MXY –MYX = 180° – 90° = 90° 

  Hence Prove 
Hindi.  

 

 

A 

B 

C 

D 

E 

F 

H 

N 

L 

Y 

X 

M 

 
prqHkZqt AFHE vkSj BFEC funsZ'kkad prqHkZqt gS ftuds dsUnz Øe'k% L vkSj N gSA 

  LN, ifjoÙ̀k AFHE vkSj ifjoÙ̀k BFEF dh mHk;fu"B thok (FE) ds yEcor gSA 

 rFkk LN, EF ds e/; fcUnq (M) ls xqtjrk gSA 
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 vc DEF dk ifjxr oÙ̀k] L vkSj N ls xqtjrk gS tgka LN oÙ̀k dk O;kl gS (D;ksfd LDN = 90°)  

 LFN = 90°  

 vc prqHkqZt XFML vkSj FMNY Hkh pØh; prqHkqZt gSA 

  

 



F Y 

N M L 
 


X 

 

 ekuk FNM = FYM =  and FXM = FLM =  

 vc FLN + FNL = 180° – LFN 

   = 180° – 90° = 90°   MXY + MYX = 90° 

  vr% XMY = 180° – MXY – MYX = 180° – 90° = 90° 

 
6. Suppose 91 distinct positive integers greater than 1 are given such that there are at least 456 

pairs, among them which are relatively prime. Shon that one can find four integers a, b, c, d among 
them such that gcd (a, b) = gcd (b, c) = gcd (c, d) = gcd (d, a) = 1. 

 eku yks fd 91 vyx&vyx 1 ls cMs+ ,sls /kukRed iw.kkZd fn, x, gS fd muesa de ls de 456 tksMs ,sls gS 

tks vlgHkkT; gSA fl) djks fd buesa ,sls pkj iw.kkZd a, b, c, d feysaxs ftuds fy, gcd (a, b) = gcd (b, c) = 

gcd (c, d) = gcd (d, a) = 1 (;gkWa gcd ekus e –- l- ;k egre lekiorZd) 

Sol. Let numbers are {n1, n2, n3,….. n91} = A 

 Let numbers coprime with ni are mi  

 Number of unordered pairs (x1, y1) from set A coprime with n1 are 2
m

C1  = 
2

)1m(m 11 
 

 similarly number of unordered (x2, y2) from set A coprime with n2 are 
2

)1m(m 22 
 

 …….. and so on. 

 Now, if gcd(n1, n2) = gcd(n2, n3) = gcd(n3, n4) = gcd(n4, n1) = 1 then  

 in 



91

1i

ii

2

)1m(m
 the pair (n2, n4) comes two times. 

 Let us assume no four numbers exist in set A such that these are coprime in cyclic order. Then in 





91

1i

ii

2

)1m(m
, all pair (xk, yk) are distinct  

 But  
2

9091

2

m

2

m
91

1i

i
91

1i

2
i 




   90
91

m

91

m
i

91

1i

2
i




  

 Because   

2
91

1i

i

91

1i

2
i

91

m

91

m
























 , hence 

  90
91

m

91

m

91

1i

i

2
91

1i

i














































    

91

m

91

1i

i
   10  455

2

m

91

1i

i
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 number of coprime pairs  455  

 But number of coprime pairs  456, hence our assumption is failed. 

  four numbers a, b, c, d exist in set A which are coprime in cyclic order. 

Hindi. ekuk fd la[;k,¡ {n1, n2, n3,….. n91} = A gS 

 ekuk ni vkSj mi lgvHkkT; la[;k,¡ gSA 

 leqPp; A ls n1 ds lkFk lgvHkkT; v;qfXer ;qXe (x1, y1) dh la[;k 2
m

C1  = 
2

)1m(m 11 
 

 blh izdkj leqPp; A, n2 ds lgvHkkT; vØfer ;qXe (x2, y2) dh la[;k 
2

)1m(m 22 
 

 …….. vkSj rc. 

 vc ;fn gcd(n1, n2) = gcd(n2, n3) = gcd(n3, n4) = gcd(n4, n1) = 1  

 in 



91

1i

ii

2

)1m(m
 , (n2, n4) nks ckj vk,xkA 

 ekuk fd dksbZ Hkh pkj la[;k,a leqPp; A es fo|eku ugha gS fd ;s lHkh pØh; Øe es lgvHkkT; gSA rc 





91

1i

ii

2

)1m(m
 esa (xk, yk) lHkh ;qXe fHkUu&fHkUu gSA  

 ijUrq 
2

9091

2

m

2

m
91

1i

i
91

1i

2
i 




   90
91

m

91

m
i

91

1i

2
i




  

 D;ksfd   

2
91

1i

i

91

1i

2
i

91

m

91

m
























 , vr% 

  90
91

m

91

m

91

1i

i

2
91

1i

i














































    

91

m

91

1i

i
   10  455

2

m

91

1i

i




   

  lg vHkkT; ;qXeksa dh la[;k  455  

 tks fd fojks/kkekl gSA 

  pkj la[;k,a a, b, c, d leqPp; A fo|eku gS tks fd ;s lHkh pØh; Øe es lg vHkkT; gSA        
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